EXERCISES FOR MINI-COURSE - A CORRECTION
Consider K and L two (Lagrangian) curves in the cylinder.
Suppose the areas of discs between K and L are a1 and a2 (with a1 < a2 ). See a diagram
two pages before. Compute e(K, L). (Warning: This is not entirely elementary.)
Solution: First, we show how one can displace K from L with a Hamiltonian of Hofer norm
arbitrarily close to a1 .
We can view the cylinder as C = R × S 1 with coordinates r, θ with L = 0 × S 1 and
K = {f (θ), θ} for some function f and symplectic form ω = dr ∧ dθ (if we view the cylinder
as T ? S 1 this is ω = dλ = dp ∧ dq). Let the intersection points be (0, θ1 ) = (0, 0) and (0, θ2 ).
The point is that a Hamiltonian H(θ) depending only on the angle coordinate will generate
a flow preserving that coordinate. In fact, ω(·, X) = dH is Xθ dr = 0, −Xr dθ = ∂H
dθ, so the
∂θ
∂H
flow will in time 1 move K by − ∂θ . Thus we can consider a Hamiltonian H independent
Rθ
of time and the r coordinate, with H(θ) = − θ1 (f (t) + )dt for θ ∈ [θ1 , θ2 ] and for all other
θ choose H(θ) smoothly extending the above in such a way that f (θ) − H 0 (θ) > 0 and
H 0 (θ) ≥ 0 (for θ ∈
/ [θ1 , θ2 ]; this is possible for small enough  since a2 > a1 ). Then we see
that φ(K) is completely above L, and the Hofer energy of H is a1 + (θ2 − θ1 ), which is
arbitrarily close to a1 .
The converse is more difficult. We will use the most basic version of energy-capacity inequality
in R2 , which states that in displacement energy of a ball in the plane is at least its area.
Remark: In general, an energy-capacity inequality bounds displacement energy of a subset
in terms of its symplectic capacity (of some type). There are many proofs of such inequalities,
but they all use some non-trivial ingredient, be it some variational analysis, non-squeezing
theorem or Floer theory (see McDuff-Salamon, p. 384). No elementary proof seems to be
known, even in the lowest dimension.
Existence of covering map (R2 , ωstd ) → (C, ω) means that the energy-capacity inequality for
balls in R2 implies the same for balls in C: if Ht displaces a ball in C, pullback of H displaces
a ball in R2 . (Existence of embedding (R2 , ωstd ) → (C, ω) shows the implication the other
way, so the energy-capacity inequality in C and R2 are actually equivalent).
Now any Hamiltonian disjoining K from L will displace the disc between them of area a1 off
of itself. Thus it must have energy at least a1 , which is what we wanted.
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